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Abstract. Let p be an odd prime. Let F/k be a cyclic extension of degree 
p and of characteristic different from p. The explicit constructions of the non- 
abelian p^-extensions over k, are induced by certain elements in F{fip)* . In 
this paper we let fc = Q and present sufBcient conditions for these elements to 
be suitable for the constructions. Polynomials for the non-abelian groups of 
order 27 over Q are constructed. 

We describe explicit realizations of those groups with exactly two ramified 
primes, without consider Scholz conditions. 



Let p be an odd prime. Let F/Q be a Cp-extension, K = Q(Cp)) L = -F'(Cp) = 
FK, where (p is a fixed p**^ root of unity. Let ct be a generator for Ga,l{L/K). 
The restriction a — a\F generates Gal(F/Q) = Ga\{L/K). Similarly, let f be a 
generator for Gal(L/F). The restriction r = f\K generates Gal{K/Q) ^ Gal{L/F). 
L/Q is cyclic of order p{p — 1), generated by iff. 

Let e be a primitive root modulo p. We have the multiplicative homomorphisms 
[4, p.130, Corollary 8.1.5] 



and its restriction ^k/q ■ K* K* ■ Clearly, $ commutes with the norm: 



Let ]HIp3 and Cp2 x Cp be the non-abelian groups of order p'^ . From the generic 
construction of the non-abelian p^-extensions (over fields with characteristic differ- 
ent from p), it follows that the elements x G L* with <i>(Nri/^(x)) ^ L*^ induce 
IHIp3 -extensions over Q, while the elements x G L* with <I>(Cp Nr^//^ (a;)) ^ L*^ in- 
duce Cp2 X Cp-extensions over Q, cf. Theorem 4.1 and Theorem 4.2. 

Arne Ledet, in [3], [4], and [5, pages 130-132], constructs explicit extensions and 
the corresponding polynomials over Q for these groups, when p = 3 or p = 5, and 
L = Q(Cp2)- He provides a sufficient condition for an element x G to satisfy 
the above requirements, namely: Nr2,/Q(x) = q is an unramified prime in L (that 
is, q 3, q ^ 5, respectively). His argument for the sufficiency relies on unique 
factorization in Ok- 

Our goal is to generalize this idea for every p and for every Cp-extension F/ Q the 
construction starts with (in [4], the construction starts with a Ca-extension inside 
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Qg). More precisely, given a Cp-extension F/Q, we provide sufficient conditions for 
anelementx e L* to satisfy $(Nri/x(x)) ^ L*^ for HpS , and $(Cp Nri/x(x)) L*^ 
for Cp2 xCp. In section 4 we explain the explicit constructions for those two groups, 
and show that there are infinitely many elements x G L*, suitable for both con- 
structions. In section 5, we exhibit other polynomials for IHI27 and Cg xi C3 over Q. 

The aim of Chapter 6 is to construct non-abelian p'^-extensions with minimal 
number of ramified primes. For different approaches we refer the reader to [8] and 
[12]. 

2. Notation and Definitions 

• The number ring of a given number field N is denoted hy On- 

• If is a finite group and N/k is a Galois extension with Galois group Gal{N/k) = 

E, wc then say that N/K is an -E-extcnsion, or that is an -E-cxtcnsion over k. 
Any polynomial / over k with splitting field N is called ii^-polynomial over k. 

• A cyclic group of order m will denoted by Cm- 

• As in the introduction: F/Q is a Cp-extension, K = Q(Cp) and L = FK - their 
compositum. Let (t be a fixed generator for Ga\{L/K). Thus a = (t\f generates 
Gal(F/Q) ^ Gal{L/K). Let f be a fixed generator for Gal(L/F). Thus r = f\K 
generates Gal{K/Q) ^ Gal{L/F). 

• If e is a primitive root modulo p, then we have the homomorphism $ defined in 
the introduction. 

• Let TliJ^k be the multiphcative groups consisting of the fractional ideals of 
L,K, respectively. We have analogous homomorphisms: 

(7) = l-'-^fV'-' ■ ■ ■ fP-^I, I e J'l, 
and its restriction 

\ ^K/q{I) = ^l/f{OlI) nK, J e J'k- 

Clearly, ^tl/k^l/f = '^k/q^^l/k- [remark: let I G Tl, then ^Vl/k{I) = 
OKDlal--- <fP-H (see Marcus [6] or Ribenboim [9])]. 

• Let X e L* with 'Nvl/q{x) = zLq^ • • • g^", n > 0, U G Z — {0}, and the g^'s are 
distinct rational primes. Then 

Olx = Ji{x)---Jn{x)J', Ji{x),j'GTL 

such that 

(a) Nri/Q( Ji(x)) =Zr7f\ 

(b) Any prime factor of Ji(x) in L divides qi- 
In the sequel it can be assumed that J' = Ol - 

• For each i we set Ii{x) := Ni]^/x{Ji{x)). Clearly, Nr^/Q(/,;(.r)) = Zg-*. 

• If for some i, qi splits completely in K and Ii{x) = P^^ p!^^ ■ ■ ■ P^li^ , where the 
Pj's are the distinct prime ideals in K lying above g^, then we define x{Ii{x)) to be 
the integer 

X{li{x)) = eP-^Pi + ef-3/3p_i + . . . e/Sg + /?2. 
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3. The Main Results 

Theorem 3.1. Lei a; G L*, Nil/q{x) = ±q[^ ■ ■ ■ q'^ , n > 0, liGZ-{0}, Qi a 
prime. Then $(Nri//f (a;)) does not generate a p^^ power (fractional) ideal of L, if 
and only if n > and there exists an i such that 
(a) Qi splits completely in L. 
(h) p does not divide x{Ii{x)). 

Proof. We assume n > 0. Denote 7 = Clearly, Ok7 = h{x) ■ ■ ■ In{x). 

No prime factor of Ii(x) is conjugate to any prime factor of Ij{x) (i ^ j). It follows 
that Ol$(7) G J^l if and only if Oz,$(/i(.T)) e ^1 for every i=l,...,n. 

We fix some i and set q = Qi, I = h, J = Ji{x), I = Ii{x). Thus, J is a fractional 
ideal of i, 7 = Nrj^/K(J), and NrL/q{J) = Nrjf/Q(/) = ZqK 

Wo separate the rest of the proof into two cases. 

Case 1: q does not split completely in L 

Let g be the decomposition number of q in K/Q. Clearly, t^I = I. Now, 

p-1 

j=0 j=l i=0 1=0 

where, 

" <.-(p-i) 1 

S (i) = Y^ e^'"(^-'"^^»+'+^^ = 6^"^'+^^ • ~ 
^ ^ — 1 

We see that if q does not split completely in K then Sg{i) = mod p for all 
i = 0, . . . g — 1. Therefore, if q does not split completely in K then $(/) G .F^. 

Suppose that q splits completely in K. If q is ramified in F then q = 1 mod p 
and any prime ideal P in K lying above q is then totally ramified in L, equivalently, 
OlP G hence OlJ G 

Finally, suppose that g is inert in F. Then any prime in K lying above q is inert 
in L. Hence, (tJ = J, thus Ol/ = G 

We conclude that if q docs not split completely in L, then Ol^{I) G .F£. 

Case 2: q splits completely in L 

Suppose that q splits completely in L, and let C^g = Pi . . . Pp_i be the prime 
decomposition of g in K. t, as a permutation acting on the {p — l)-set consisting 
of the Pj's, is the {p — l)-cycle (Pi, . . . ,Pp-i) (say). We shall denote by f the 
corresponding (p — l)-cycle in the symmetric group; f = (1, . . . ,p — 1). Now, if 



then 



p/3i p/3p-i 
-^1 -'2 ■ ■ ■ -"p-l ' 



1 p-1 p-2 p-1 



(1) m = n *(^:')'^ = n n = n 

j=l j=l fe=0 j=l 



where. 



p-2 

X.- W = E e("-('+'»/3,-.o), i = 1, . . . ,p - 1. 

fe=0 



4 



OZ BEN-SHIMOL 



Clearly, the primes Pj split completely in L, hence, Ol^{I) G J-^ if and only if 
$(/) e T^^. Also, e T^i^ if and only if = mod p for all j ^l,...,p-l. 
Note that Xj+ii^) = e • Xj{I) mod p for all j. Therefore, if p divides some Xj(-^)) 
then p must divides Xi(^)j • ■ • iXp-i(^) • Since we consider the Xj(-^)'s modulo p, 
we take j = 1 and write instead of Xi(^)- We conclude that Ol^{I) G if 
and only lip divides x(^), as required. 

If n = then the assertion is clear. □ 

Corollary 3.2. Le^ a; € L*, ^YL/Qix) = ±q-l ■ ■ ■ q^^ , n>l, ?i e Z - {0}, qi a 
prime. Suppose that there exists an i such that qi splits completely in L and p does 
not divide xih{x)). T/ien $(Nri/K(a;)), $(Cp Nri/^la;)) ^ L*^. □ 

Let X £ L* which satisfies condition (a) of Theorem 13.11 Let qt be a prime 
which splits completely in L with Nr^/Q(/i(a;)) = Zg''. If P is a prime ideal in K 
lying above qi then Nrx/^iP) = '^qi (since qi splits completely in K). Therefore, 
if = Pf ^Pf = • • • Pp^^i' , where the P 's are the distinct prime ideals in K lying 
above qi, then 

p-i 

Zq^ = Nr^/Q(/,(x)) = [] Nr^^/Q P/^' = Zgf ^+-''--\ 

Thus, 

(2) (3i + ...+(3p-i^k. 

It follows immediately that if li (x) is of the form li (x) — P' (for some prime ideal 
P in -ft' lying above qi and for some I G Z — {0}), then p divides x{Ii{x)) if and 
only if p divides L We have 

Corollary 3.3. Let x G L* , Nri/Q(x) ±q'-^ ■ ■ ■ q'-^ , n > I, k e Z - {0} , 
qi a prime. Suppose that there exists an i such that qi splits completely in L 
and Ii{x) = P'', where P is a prime ideal of Ok, P does not divide k. Then 
^Ntl/k{x)), $(Cp Nri/K(x)) ^ L*P. □ 

Let H{L) be the Hilbert class field over L (see [6, Chapter 8]), and let g be a 
rational prime which splits completely in TC{L). Then any prime ideal of L lying 
above q is principal in L. 

Corollary 3.4. There are infinitely many elements x G L* such that 

1. '^{^il/k{x)) ^L*p, and 

2. $(CpNri/^(x)) ^L*P. 

Proof. By Chebotarev's Density Theorem, there are infinitely many rational primes 
which split completely in H{L). If q is such a prime, let Q be a prime ideal in L 
lying above q. So Q — Olx for some x e Ol- Clearly, Nri/Q(a;) = q. The assertion 
then follows from Corollary 13.31 □ 



3.1. Examples. We shall illustrate the above results on Cp-extensions F/Q of type 
(^i) [11, Chap. 2]. For that purpose we prove the following lemma. 

Lemma 3.5. Let r be a rational prime, r = 1 mod fc, fc G N. Let m — m{r) be a 
primitive root modulo r. Consider the sum 

(3) S,{r) = Cr + Cf + + ■ • ■ + C^"^"^'. 
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Then Q(Sk{r))/Q is a Ck-extension. 

Proof. Gal(Q((r)/Q) is cyclic of order r — 1, generated by the automorphism 
cr : Cr * C™- By the Fundamental Theorem of Galois Theory, it is enough to 
prove Q((5fc(?')) = Q(Cr)'^^ The inclusion Q((5fe(r)) C Q(Cr)'^'° is because a'' moves 
cyclically the summands of (3) (an alternative argument: 5k{r) is the image of Cr un- 
der the trace map Tr^^^ )/Q(C y'' ^' Suppose that Q((5fe(r)) C Q(Cr)'^ . There exist a 

proper divisor d of fc such that Q((5fc(r)) —Q_{C,rY ■ In particular, cr''((5fc(r)) —5k{r), 
or 

— -1 — -1 

(4) E cr^^ - E cr" = 0. 

The summands in (4) are distinct. For if C™^ ^ = C™ for some i,i = 0, 1, . . . , — 
li j > *5 then = 1( mod r). m is primitive modulo r so r — 1 divides 

(j — i)k + d. But, (j — i)k + d < {^-^ — l)k + k = r — 1, a contradiction. To this end, 
there are 2(r — l)/fc (< r — 1) summands, and dividing each of them by gives us 
a linear dependence among 1, (^r, Cr j • • • j C^^i a contradiction. Q{Sk{r)) — Q(Cr)'^ , 
as required. □ 

Example 3.6. p = 3, r = 7, m(r) = 3. 63(7) = + Cr^ ■ F/Q = Q(^3(7))/Q. 
Thus, L/if = Q(C3,i53(7))/Q(C3) is a Ca-extension, generated hy a : Cr ^ Ch 
Ca ^ C3. Let a; = (53(7) + C3. 7 = Nri/K(a;) = 3 - C3, Nri/Q(a;) = NrK/qil) = 13 
(t : C3 1-^ Ca"^). 13 splits completely in L. By Corollary [3Jl $(7), C3*(7) ^ L*^- 



Example 3.7. p = 3, r = 19, m{r) — 2. 



<53(i9) = Ci9 + CiV + + cr/ + Ci9 + Ci" 



■8 



5l9 • 

^^/Q = Q(<53(19))/Q. Thus, L/i^ = Q(C3,'53(19))/Q(C3) is a Ca-extension, gener- 
ated by : Ci9 ^ Ci9, C3 ^ C3. Let x = 63(19) + Cs + 1- 7 = ^^L/Kix) = -7C3, 
— Nrx/qij) = 7^ and 7 splits completely in L. However, $(7) generates 
a third power ideal in Ok although $(7) and C3*J'(7) are not third power elements 
in L* . Therefore, Theorem 13. H which is an ideal-theoretic criterion, is failed while 
testing this x. On the other hand, it tells us something about the prime factor- 
ization of Olx in L: Since x satisfies condition (a) of this theorem and does not 
satisfy condition (b), we have 

x(/i(x)) =2/3i+/32 = mod 3. 

Also, by equation (2) we have Pi + 132 = 2. Hence, /3i = /32 = 1, thus / = 0^7. 
O^a; is therefore a product of two distinct primes of Ol, each of them has norm 7 
over Q. 

Example 3.8. p — r = 73, m(r) = 5. (Remark: Ok = ^[C73] is not a unique 
factorization domain). F/Q = (Q(53(73))/Q. Thus, L/K = Q(C3, '53(73))/Q(C3) is 
a C3-extension, generated by (J : C73 C73) C3 Cs- Let x — 63(73) ~ (3 + 1. 
7 = m-L/K{x) = 2IC3, Nri/Q(x) = NrK/Q(7) - 3^72. Thus, $(7) = 21^3 ^ L*\ 

Example 3.9. p = 5, r = 11, m(r) = 2. ,55(11) = Cn+Cn- F/Q = Q{65{n))/Q. 
Thus, L/K = Q(C5,'55(11))/Q(C5) is a Cs-extension, generated by a : (n 1-^ CiiJ 
Ca ^ Cs- Let X = 65(11) - Cs- 7 = Nri/;f(x), Ntl/q(x) = ^VK/ad) = 991 (991 is 
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a rational prime). 991 splits completely in L, hence $(7) does not generate a fifth 
power ideal oi Ol- 

4. Explicit Constructions of the non-Abelian p^-Extensions 

4.1. Let N/k be a Galois extension with Galois group G = Ga\{N/k). Let tt : 
E -» G he an cpimorphism of a given finite group E onto G. The Galois theoretical 
embedding problem is to find a pair {T/k,ip) consisting of a Galois extension T/k 
which contains N/k, and an isomorphism ip : Gal(T/fc) E such that tt o 93 = 
ResT/AT, where Kbst/n '■ Gal(T/fc) ^ G is the restriction map. We say that the 
embedding problem is given by N/k and n : E -» G. If such a pair {T/k, Lp) does 
exist, we say that the embedding problem is solvable. T is called a solution field, and 
ip is called a solution isomorphism. A := kerTr is called the kernel of the embedding 
problem. If A is cyclic of order m, the characteristic of k does not divide m, and N* 
contains /x^ (the multiplicative group consisting of the m*^ roots of unity) , then 
the embedding problem is of Brauer type (see [4]). 

If ip is required only to be a monomorpliism, we say that the embedding problem 
is weakly solvable. In that case, the pair {T/k, p) is called an improper solution 
(or a weak solution). An improper solution can also be interpret in terms of Galois 
algebra ([1], [3] Chapter 4). The monograph [2] treats the embedding problem from 
this point of view. In the cases discussed in this paper, any improper solution will 
automatically be a solution; the kernel A will be contained in the Frattini subgroup 
of (see [2], Chapter. 6, Corollary 5). 

The constructive approach to embedding problems is to describe explicitly the 
solution field T (in case it exists). We shall consider a series of embedding problems, 
in each T/N will be a Cp-extension, and the goal is to exhibit an explicit primitive 
element of T over N (See also [7] for further details). In practice, given a set of 
generators 71, . . . , 7(j for G, we must extend them to A-automorpliisms 71, ... ,7^ 
of a larger field T, with common fixed field k. T/k is then a Galois extension 
generated by 71, . . . ,7d,7d+i, • • • ,7c, where 7^+1, ... ,7c generate Gal(r/A^). The 
extensions should be constructed in such a way that the 7i's behave as a given set 
of c generators for E. T is then a solution field, and the isomorphism which takes 
each 7i to the corresponding generator of is a solution isomorphism. 

4.2. Let TV be a field of characteristic different from p. jip C TV*, and let a G 
N*\N*P. Then N{^)/N is a Cp-extension. A generator for Gal{N{^)/N) is 
given by 1-^ CpV^- The only elements 9 G N{-^) with the property: 6^ S N, 
are those of the form z{-^y for some z & N , j = 0,1, . . . ,p — 1. 

Suppose further that N/k is a Galois extension, then N{-^)/k is a Galois ex- 
tension if and only if, for each 7 € Gal(A^/ k) , there exist € Z \ pZ such that 
ja/a'-' e N*P. 

4.3. Let Ehea. non-abehan group of order p'^. Up to isomorphism, E is necessarily 
one of the following two groups: 

1. The Heisenberg group: 

Hps = { UjVjW : = = = 1, wu = uw, wv = vw, vu = uvw ). 

In other words, HpS is generated by two elements u, v of order p, such that their 
commutator w is central. It can be realized as the subgroup of GL3(Z/Zp) consist- 
ing of upper triangular matrices with I's in the diagonal. 
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2. The semidirect product: 

Cp2 -A Cp = { u,v : = = 1, vu = u'^^^v ). 
For the classification of the non-abehan groups of order p^, see [10, page 67]. 

4.4. The aim of the following Theorem 4.1 (resp. Theorem 4.2) is to describe how 
EIp3 -extensions (resp. Cp2 x: Cp-extensions) are constructed over Q, starting with 
elements x e L* with $(Nrz,/x(a;)) ^ L*p (resp. $(Cp Nri/x(a;)) ^ L*^). These 
constructions are essentiallj' known - they can be obtained as private cases of [4, 
Theorem 2.4.1 and Corollary 8.1.5]. We give a direct and self contained proof, 
consistent with our notation and with subsection 4.1. 

Theorem 4.1 (The case = Hps). 

Let xGL* such that b = b{x) = $(Nri/x(x)) ^ L*p . Then G = Ga\{L{Vb)/K) ^ 
Cp X Cp, generated by a and rj, where, a : \/b \/b, 77 : \/b CpV^? = o-, 
tiIl = idi. Moreover, the (Drauer type) embedding problem given by L{-^)/K and 
-K : E ^ G is solvable, where tt : u ^ a , v ^ rj; a solution field is M = L{-^oj, 
uj = $(/3), 13 = xP-^axP^^ . . . (fP-^x. 

Since oj G ^{L*), M/Q is a Galois extension with Gal(M'^/Q) = E, where n is 
the extension off to M, given by k : ^ I3'^'^~''''~^^/p , and M*^ = F{a), 

a = {/ui + K^/uj + . . . + kP~'^ ^/bj. Finally, F{a) is the splitting field of the minimal 
polynomial for a over Q. 




Proof. Since ab = b, L{</b)/K is a Galois extension. We extend a to Gdl{L{^) /K) 
by = T? generates Gal{L{</b)/L), and a generates Gal{L/K). It 

follows that Ga\{L{^/b) / K) is generated by a and 77. Clearly, drj ~ rja and 
o-P = rjP = id^j^^j, thus, L{^)/K is a Cp x Cp-extension [L[{/b) is a Rum- 
mer extension of K of exponent p] . 
r]{u) = u) and, 

a{w) _ aim) _ 'fj^^-L/Kix)) _( ^ y r- P 
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thus, M/K is a Galois extension. We extend a and rj to a, fj G Gal{M/K) by 
(6) a(^) = fii^) = Cp^, 

respectively. Note that M/L{{/lj) is a Cj,-extension. For if w e L{^)*^ then 
Lo ~ z^V for some z G L, j = 0, — 1. From (5) it follows that b = 

{^{x){a{z)/z))P G L*^ - a contradiction. 

Gal{M/K) is then generated by a,ri and A, where X{^) = CpV'^ - ^ generator 
for Gal(M/L(^)). Clearly, fj and A is of order p, and since 

<I>(x)a($(x)).' Nr,/,%(.))^= $(Nr,/,(.)) ^ = ^' 

a is of ordor p. A commutes with both a and 77, and the relation fja = afjX holds. 
Therefore, the group isomorphism ip : Ga.l{M/K) = MpS, sending a 1-^ u, fj 1-^ v, 
A I— > w, is a solution isomorphism for the given embedding problem. 
Now, 



*(a;)« ~ " Vx^y* ~ x"""^ fx"""^ fP-3a;«' fP-^x^ 



T$(x) ^ /'TX\ TX^ T X" 1- .i, .1, 1 „p 

- $ — = -::^o „ • —7^ = " 



hence, 

fg; _ f$(xP-iaxP-'---(7P-^x) _ / f $(x) V'' _ / f $(x) V^' -p-2 / t$(x) 
~ $(xP-iaxP-2---aP-2x)'' ~ V^'(a;)v ^V*(x)V " ' V^(x)^ 



and 



6« $(Nri/^(x))« '^''^ \Hx) 

Thus, M/Q is a Galois extension. We extend f to k G Gal(M/Q) by 

= pii-e'-')/p , k(^) = Nri/^(x)(i-^''"')/f (^)^ 

Since «; is an extension of r to M, Gal(M/Q) is generated by afijX, and k. It 
is easy to verify that k is central and has order p — 1 [while doing it, wc take 
T '■ Cp Cp- Also, note that k, is the unique extension off of order p— 1]. It follows 
that Gal(Af/Q) = Hp3 x Cp_i and M«/Q is Galois with Gal(M«/ 
required. 

Clearly, F{a) C M'^. We have the short exact sequence 

1 > Gal{M/F) Gal(M/Q) Gal(i?^/Q) ■ 



It follows that Gal(M/F) is generated by r?,A, and k. Thus, F{a) = M'^ if and only 

if fja ^ a and Xa ^ a. But 77a = a or Aa = a imply Hnear dependence among the 

p— 2 

elements ^/ijo, . . . , ^^/^ over L, a contradiction. 

To this end, Gal(i^(a)/Q(a)) ^ Gal(F/Q) ^ Cp, and Q(a)/Q is not a normal 
extension. Hence, F{a) is the splitting field for Irr(a;Q). □ 
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Theorem 4.2 (The 

Let xe L* such that b = b{x) = ^{C,p^vl/k{x)) ^ L*p. Then G = Gsl{L{</b) / K) 
= Cp X Cp, generated by a and -q, where, a : ^ i-^ rj : ^ i— > Cp^> = ^, 
tiIl — idi. Moreover, the (Brauer type) embedding problem given by L{^/b)/K and 
n : E ^ G is solvable, where tt : u ^ a , v ^ rj; a solution field is M — L{ ^/uj, {/b), 
w = $(/3^), f3^xP-^axP-^ ...aP-^x, L^K{^). 

Since u G <f>(i*), M/Q is a Galois extension with Ga^Af/Q) = E, where 

K is the extension off to M, given by k : ^fuj ^ [fi^)^^ ■'^^ (-g/oJ)'^, and 
= F{a), a = ^ + + . . . + k^^^ penally, F{a) is the splitting field 
of the minimal polynomial for a over Q. 

Proof. A few changes should be made in the proof of Theorem 4.1. 
We can assume a : i-^ CpV^-- Next, rjui — uj and, 

aM _ ^ ^ $(CpNr^/^(x)) ^ / ^ ^^^^^p 



thus, M/K is a Galois extension. We extend a and 77 to (7,77 £ Gal(M/i4r) as in 
(6). Gal{M/K) is generated by a, fj and A, where A(-^) = (^p^ - a generator for 
Ga\{M/L{0))). Clearly, is of order p. Now, 

^ ' $(a::)a-($(j:)) ■ • ■ a-P-i(<E>(a;)) $(Nrz,/K(a::)) 

Hence, ct is of order and A = (jP. Finally, the relation fja = aP^^fj holds. It 
follows that the group isomorphism ip : Gal(M/i4r) = Cp2 x: Cp, sending a 1^ u, 
77 1-^ w, is a solution isomorphism for the given embedding problem. 

Thus, M/Q is a Galois extension. We extend f to k G Gal(Af/Q) by 

k{^) = (^/3)(i-^''"')/f {V^y , K{Vb)= Nri/;f(x)(i-^''"')/f (^)^ 

The rest remains exactly as in the previous case. □ 

We end this section with the following observations. 

Theorem 4.3. (a) Suppose that L — Q{Cp^). Then x G L* induces an Hp3- 
extension if and only if it induces a Gp2 x Cp-extension (in the ways described in 
Theorem 4-1 and Theorem ^.2). 

(b) Suppose that L 7^ QiCp^)- If an element x ^ L* does not induce an Hp3- 
extension, it necessarily induces a Cp2 x Cp-extension. 

(c) There are infinitely many elements x ^ L* which induce both an HpZ -extension 
and a Gp2 x Cp-extension. 

Proof, (a) and (b) follow from $(Cp) = C,~'^'' . (c) follows from Corollarv 13.41 □ 

5. Polynomials for the non-abelian groups of order 27 

Following Ledet, we shall construct i?-extensions and their polynomials over Q, 
induced by the elements x we found in Example 3.6 and Example 3.7. We replace 
the primitive root e = 2 with e = — 1 - the homomorphism $ does not depend 
on e when we consider it modulo 3 (it may not be the case for higher primes). 
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Clearly, = 1/^, thus = 1/w, so w + 1/w G F. Set X = + 1/^. 

Then — 3X = w + l/o;. Hence, if p(-'f) G Q[X] is the minimal polynomial for 
w + 1/w over Q, then the splitting field of ^(X^ - 3X) over Q is + 1/^), 

i.e, — 3X) is an -E-polynomial over Q. 

Example 5.1. Let x be as in Example 3.7. In order to get an i/27-polynomial 
over Q induced by this .t, consider = '^{x^ux). Using mathematical software 
(Maple), we get the following H27-polynomial over Q: 

V{X^ - 3X) = {X' - 3Xf - ^(X^ - SXf - - 3X) + H^. 

Example 5.2. Due to the presence of the radical explicit extensions for the 

Cp2 X Cp are more complicated to describe (unless L = Q(Cp2)). 

Let X be as in Example 3.6. In order to get a Cg xi Cs-polynomial over Q induced 
by this X, consider u) = ^{x^ax ■ v^a), where L = K{^). Denote 5 = 63(7) and 
consider the element 

0^36^ + 36 + 3C3S + Cs " 4. 
The minimal polynomial for 6 over Q is X^ + X^ — 2X — 1, and a6 = S"^ — 2. 
It follows that aO = (^36. Therefore, we can take ^ = 6. Using mathematical 
software (Maple), we get the following Cg xi Cs-polynomial over Q: 

p{X' - 3X) = (X^ - 3Xf - ^-^{X' - 3Xr - ^^{X^ + 

6. Explicit Realizations with Exactly Two Ramified Primes 

If N/ k is an extension of number fields then Ram(Af/ k) denote the set of nonzero 
prime ideals of k which are ramified in N . The relative discriminant of N/k 
is the ideal J^v/fc of Ok generated by the elements discrAr/fe(£i, . . . ,£[Ar:fe]), for all 
possible bases {ei, . . . ,£[jv:fc]} of N/k such that each G On- A well known 
theorem of Dedekind [9, page 238] says that P G Ram(A''/fc) if and only if P 
divides S^/k- Suppose further that N = k{t) for some t G On- Then 5jv//c divides 
the principle ideal of Ok generated by discrjv/fe(l, i, ■ • ■ , fl^-*^'"^) = ni<j(*« ~ 
where ti = t,t2, ■ ■ ■ , t^N-.k] ^-re the conjugates of t. 

Lemma 6.1. Let k be a number field, fip C k* , c G Ok, N/k = k{^)/k a Cp- 
extension. If a nonzero prime ideal P of Ok is ramified in N then P is lying above 
p or P divides OkC. 

Proof, t = is a root of the polynomial X^ — c G Ofc[X]. Hence, t is integral 
over k, thus t G On- The set of conjugates of t in N/k is {Cpt}f=o • Let fp{X) = 
XP-i + . . . + X + 1 G Z[X] (the p*^ cyclotomic polynomial). We have 

discr^/fe(l,t,...,if-i) = [] n {Q,t-Cl,tf = 

i=0 j=i+l 

iKP-i).j][(i_^.)2.j| n (c;-c^)^= 

j=l i=l i=i+l 



cf-^ . fp{l f ■ discrQ(^^)/Q(l, C^, . . . , Cr') = (-l)(P-i)/Vc^-' 



□ 
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Theorem 6.2. Suppose that L = Q(Cp2). Let x G Ol, Nri/Q(a;) = ip'ig'^ 
Zi > 0, Z2 > 0, g ^ p is a prime which splits completely in L, l2{x) = P''^ , where P 
is a prime ideal of Ok, P does not divide h- 

1. Let b = b{x) = ^(NrL/x{x)) and let F{a)/Q be the Mp3 -extension constructed 
as in Theorem 4-i- Then Rain(F(a)/Q) = {p,q}. 

2. Let h = b{x) = $(Cp Nr^^/xC^)) and let F{a)/Q be the Cp2 x Cp-extension 
constructed as in Theorem 4-2, where a = Cp- Then Ram(F(a)/Q) = {p,q}. 

Proof. We prove only case 1. The proof for the other group is similar (since we 
choose the radical ^ in Theorem 4.2 to be a unit in Ol)- 

By Kronecker- Weber Theorem, Ram(F(a)/Q) > 2. Also, p G Ram(F(a)/Q) 
because p is ramified in F. Let q' p he a rational prime which is ramified in 
F{a). We shell see that q' = q. Let P' be a prime in L lying above q' . P' is 
ramified in M = L{'^, where 

w = /3 = xP-^axP-^ . . . aP-^x. 

If P' is ramified in L{^) then apply Lemma 6.1 with k = L, c = b and conclude 
that P' divides OLb. Since 6 is a product of conjugates of x it follows that P' is 
above q, so q' = q. Assume that P' is unramified in L{^). Let Q' be a prime in 
L{-^) lying above P' . So Q' is ramified in M. Apply Lemma 6.1 with k = L{^), 
c = u) and conclude that Q' divides O^^f^ ^)'^- But u) is also a product of conjugates 
of X. Hence q' = q. □ 

In Particular: 

Corollary 6.3. For every odd prime p, any non-abelian group of order p^ can be 
realized as a Galois group over Q with exactly two ramified primes. 

Remark 6.4. Any subfield of the non-abelian p^ -extensions F{a)/Q in Theorem 
6.2 does not admit Scholz conditions. 

Example 6.5. L — Q(C9), K = Q(C3)- L/K is a Ca-extension generated by 
a : Cg 1-^ Cl- F/Q - The Cs-extension inside L. Gal(i/F) Gal(A7Q)) generated 
by f : (^9 CiT^- X = C^g -\- 2. Nri/Q(x) = 19, and 19 splits completely in L. In 
the definition of we take e = 2 (and not e = — 1 as in section 5). w = ^{x^ax). 
F{a)/Q is an lHl27-extension, where a = ^/w + -s/uf , /3 = x^ax. By Theorem 
6.2, Ram(i^(a)/Q) = {3, 19}. The minimal polynomial of a over Q is 
Irr(a; Q) = 

-3^ • 13 • 
-35-5-59-X6 
+3^ • 19 • 47 • 

+2-38- 11- 19-X4 
+22 • 35 • 19 • 139 • 
-3^ • 5 • 193 • X2 
-3^ • 7 • 193 • X 
-3*^ • 19^ • 73 
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